International Journal of Theoretical Physics, Vol. 42, No. 8, August 2@03003)

Joint Probabilities of Photon Polarization
Correlations in ete~ Annihilation
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Joint probability distributions of photon polarizati@orrelationsare computed, as

well as those corresponding to the cases when only one of the photon’s polarization
is measured in‘ee~ annihilation, inflight, in QED. This provides aynamica) rather

than a kinematical, description of photon polarization correlations as stemming from
the ever precise and realistic QED theory. Such computations may be relevant to recent
and future experiments involved in testing Bell-like inequalities as described.
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tal tests of QED; specific calculations of QED.

1. INTRODUCTION

The purpose of this paper is to derive the explicit joint probability distri-
butions of photon % y) polarizationcorrelationsin ete~ annihilation, inflight
(Manoukian and Ungkitchanukit, 1994), in QED, as well as to obtain the corre-
sponding probabilities when only one of the photon’s polarization is measured.
This provides clear cuidynamica] rather than kinematical, descriptions of photon
polarizations correlations as follow directly from this monumental and experimen-
tally reliable QED theory. Particle correlations have been systematically studied
earlier (e.g., Manoukian, 1992, 1994, 1998; Manoukian and Ungkitchanukit, 1994)
emphasizing, however, different experimental situations and aspects. Polarizations
phenomenae were studied many years ago (McMaster, 1961,) we are, however,
interested in correlations aspects that have been quite important experimentally in
recent years (Clauser and Horne, 1974; Clauser and Shimoney, 1978; Fry, 1995;
Selleri, 1988) in the light of the foundations of quantum physicswigs Bell-like
inequalities. Two types of collisions are considered fogeannihilation in flight
inthe c.m. (center of mass) motion. The first one in which aed a € in the c.m.,
initially prepared to be moving along a specific axis, annihilate each other and two
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photons are observed to be moving along a given specific axis. Given that this
process has occurred, we compute the conditional joint probability distributions
of photon polarizations as well as the probabilities corresponding to the measure-
ment of only one of the photon’s polarization. The second one is involved with
all repeated experiments corresponding to all orientations of the axis of motion
of ee~ pairs in the c.m. initially prepared with the same speeds, and a pair of
photons is observed moving along a given axis in each case after the annihilation
process. Given that these collisions have accurred, we compute the conditional
probabilities of photon polarizations correlations mentioned above. In this latter
case we must average over the initial orientations of the axis along whitka e
pair may initially move before annihilation occurs. With the explicit expressions
for the probabilities derived from this quantum dynamical analysis, we finally
show a clear violation of the relevant Bell-like inequality (Clauser and Horne,
1974; Clauser and Shimoney, 1978; Fry, 1995; Selleri, 1988) as a function of the
speed of & (or of 7). Our convention for the metric ig],] = diag[-1,1,1,1].

2. COMPUTATIONS OF THE PROBABILITY DISTRIBUTIONS

The transition probability of & (p1) e (p2) — y (k1) v (ko) to the leading
order in the fine-structure constants, up to an unimportant multiplicative factor
for the problem at hand, given by (e.g., ltzykson and Zuber, 1980; Sokbialy,
1988)

1 (k1k2)2 21|
Prob - . €0 1
= [4(p1k1)(p1k2) (€u - €22) (1)
where
eﬁ=@5—&ﬂ)qux kiey(2) =0 )
p1K1

i
P ((Sf — Puvky ) e(1), ke@l)=0 3)

p1kz

€] ,(1) denote the polarization vectors of the photons satisfying the completeness
relation
, . Kk + KKk
d_dne ) — g - S S (4)
A 1™

(no sum ovei), wherek = (k°, R), k= (K, —E). We note that, are invariant
under the gauge transformatiogigir) — e’(1) + ki’b, (ki) for arbitraryb, (k).
In the c.m. of a pair ee™

-

Po=-PL=-D ke=-k=-k pl=pl=k=kl=p°

R 5
O= K, P = ©
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Fig. 1. Inthis figurer( liesinthex—zplane andpis along the
z-axis. The polarizations vectoés(11), € (2) are orthog-
onal to each other and are orthogonatt@he line segment
AB, of length| cosy]|, lies in thex—z plane. By rotating
the coordinate system c.w. about thaxis, by an angle,
the vectork, & (11), &1(*2) will have general orientations
in the resulting coordinate system.

In Fig. 1 we show how to introduce the polarizatief(1) = (0, &()) in
reference to the vectde*. If k is chosen to lie in the—z plane, then

k : [k|(sind, 0, co®) (6)
and from the figure, witlg; (1) = &,
€1 : (— cosh cosyi, Siny1, Sind cosy) )

where, herep = |p|(0, 0, 1). For a general orientationlofindé;, we must rotate
thex—y-z coordinate system c.w. (clockwise) about thexis by an angle. This
is accomplished by the rotation matifkwith matrix elements:

. . ool . ip
R = s 4 ¢l % sing + (5" _ Fﬁ—ﬁ) (cos¢ — 1) ®)
giving
k = |k|(cos¢ sind, sing, sing, cosv) (9)
as expected, and

&, = (— cosf coSyy Cosp — Sinx1 Sing, siny;

X COS¢p — COSH COSyy Sing, SiNd cosy1) (10)
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in the resulting coordinate system. A similar expressiongdgk’) = & is ob-
tained by replacing by x,. With & = &(A1), & (),) is obtained frong; by the
substitutiony; — x1 + /2.

In the c.m. of €e™, (1) may be rewritten in the convenient form

1 (kiko)? L o, 6 D& Plako) )’
Probe |:‘_1(p1k1)(l31k2)_<el'ez+ (p1k1)(p1k2) >] a1

We treat two processes of annihilation associated with the relative probability
givenin (11).

2.1. Process 1

We consider the annihilation of'e™ pairs in flight in the c.m. (located at the
origin of the coordinate system) initially prepared to be moving alongheis,
as in the figure, each moving with speed-= Sc, prior to their annihilation into
pairs of photons, and place detectors for the latter at opposite ends>oftkis.

Using the scalar products

-

&-p=|plsindcosyi, P-ki=|plkicost =—p-ko (12)
we obtain by a direct evaluation of (11)

[1 — 4(1— B?) cosx1 cOSx2(COS(1 — x2) — 2 COSY1 COSX2)]
(1 — B2 cogh)?
4(1— B?)?cod x1 €O xo
B (1 — B2 coR6)?

Prob«

— [cos(x1 — x2) — 2cosyy COSXz]2

(13)

whereg = |p|/p°is the speed ofe(or of e7) divided by the speed of light, and
0 is the angle betweek and p. We note that the angleg, x> have given fixed
values when the vectdris made to rotate in the coordinate system.

Sinced is a continuous variable, we may integrate the expression in (13) over
6 fromn /2 — § tomr/2 + § and then rigorously take the limit— 0 in evaluating
the normalized probabilities in question. Théntegral, here, is not important in
evaluating these normalized probabilities since it leads to overall multiplicative
factors that cancel out in the final expressions.

Upon using the integrals

248

sind do 1 <1+ B sinS) (14)

(1—pZcog0) B "\1—gsins

g
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748

sing do 1 B sing 1 1+ B siné
(1— p2co2h)2 B [1—,32 Sirés * Eln <1—ﬂ Sin3>] (15)

-8
we obtain from (13)
148
/ sind dé Prob

s

{ [1 — 4(1— B?) cosy1 COSx2(COS(1 — x2) — 2 COSY1 COSX2)]
x

B
(1+ﬁ sin8>
xIn{ ———
1-p8siné

s L .
_ 41— BY2cod x COSZXz[%_Fﬁm (%)}

_ 2sinslcostu — x2) — 2cost COSXz]Z} = Fy (G 12) (16)

To normalize the expression in (16), we have to shyty1, x2) over the
polarizations directions specified by the pairs of angles:

(X1, x2), (Xl +Z, Xz) : (Xl, X2+ z) : (Xl +Z, X2+ z) (17)

2 2 2 2
That is, we have to find the normalization factor
4
Ns = Fs(x1, x2) + Fs <X1 + 5 X2>
T T T
+Fs (Xl, X2+ E) + Fs (Xl + 5 X2 + 5) (18)
The latter works out to be
1 1+ B sind
Ny =[4+4(1— B2 —21-B%=In[ —LL——
s= a2 - 20 gy (20
siné
—4(1-B>—————— —4sins 19
( ﬂ)l—ﬂZSinzS (19)

Therefore, given that the process has occurred as described above, with two
photons moving (back-to-back) along tkeaxis, the conditional joint probability
of the photon polarizations, specified by the anglesy,, is rigorously given by

Fs(x1, x2) (20)

P(x1, x2) = (Isi_r>n0 N,
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For all 0< B8 < 1, we use the limit
1 1 siné
Lin (2SN o 1)
B 1-psiné/s—0

to obtain from (16), (19), and (20),

1 — (cos(x1 — x2) — 282 COSx1 COSY2)?
2[1+2B%(1— p?)]

P(x1, x2) = (22)

forall0< g < 1.
If only one of the polarizations is measured, then we have to evaluate

Fs(x1, x2) + Fs(x1, x2 +7/2) and Fs(x1, x2) + Fs(x1 + 7/2, x2).
To this end, (16) gives
Fs(xa, x2) + Fs(x x2 + 7/2) = [2+ 2(1— B*)(1 — 38°) coS xa]

X1|n<1+ﬂ sin8>

B 1— B sing
41 g2y2 SiNG o
41— B9 g eits cog x1 — 2 siné (23)

Fs(x1, x2) + Fs(x1 + /2, x2) = [2 + 2(1— p*) cos 7]
1 <1+,3 sin8>

B 1— B siné
A1 a2y2 siné o
41— p?) gt cog x» — 2 siné (24)

Thatis, the conditional probabilities associated with the measurement of only
of the polarizations are given by

Fs(x1, x2) + Fs(x1, x2 +7/2)

P(x1, —-) = 8|i£no N, 25)
P(= x2) = lim Fs (1, x2) + Fs O + 7/2, x2) (26)
5—0 N8
From (23)—(26), and (18), these work out to be simply given by
_ 1+ 48%(1 — B?) + co¥ x1
2(1 _ B2
Pl ) = LT 4820 =)+ c0S s .

2[1+2p%(1 - p2)]
forall 0 < 8 < 1, and are, respectivelgiependentn 1, xo.
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We note the important statistical property that

P(x1, x2) # P(x1, 9)P(= x2) (29)

in general.

In the notation of Local Hidden Variables (LHV) theory (Clauser and Horne,
1974; Clauser and Shimoney, 1978; Fry, 1995; Selleri, 1988), we have the identi-
fications

P(x1, x2) = % (30)
. P]_z(al, OO)

P(x1,-) = W (31)
P12(c0, &)

P(= x2) = W (32)

Defining
S= P(x1, x2) — P(x1, x2) + P(x1, x2)
+ P(x1, x2) = P(x1, =) = P(= x2) (33)

for four anglesy1, x2, x5, x5, LHV theory gives the Bell-like bound (Clauser and
Horne, 1974; Clauser and Shimoney, 1978):

~1<S<0 (34)

It is sufficient to realize one experimental situation that violates the bounds
in (34).

For example, forys = 0°, xo = 67, x; = 135, x, = 23, (22), (27), (28),
as obtained from QED, giv€ = 0.207 for 8 = 0 that violates (34) from above.
For x1 =0°, xo =23, x; =45, x, = 67°, we obtainS= —1.207 for 8 =0
violating (34) from below. Both bounds are violated for@lk 0.2 for these same
angles, respectively.

2.2. Process 2

Here we put the two detectors on opposite sides ofzthgis. We consider
all repeated experiments with pairsee produced in flight in the c.m. (located at
the origin), each particle moving with speeé= Bc, corresponding to all possible
orientations of the axis along which a given pair moves. Here we must average
over all angle®, ¢ of the vectorp, with k along thez-axis.

In the present case

k = |k|(0, 0, 1) (35)
P = |pl(cos¢ sind, sing singd, cosv) (36)
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= (— cosya, siny1, 0) (37)
= (—cosyz, Sinx2, 0) (38)
(see (7)) and
€ - p = —|plsind cosp + x1) (39)
& - p=—|plsind cosp + x2) (40)

thus obtaining for (11)

(1—4(1— B%)cosgp + x1) cos@ + x2)[cos(x1 — x2) — 2 COSf + x1) COSE + x2)])

Probo - p? c0gd)

41— 22 co8(p + x1) coS(p + x2)
(1— B2 cog6)?

— o (x1 — x2) + 4 COSf1 — X2) COSE + x1) COSP + x2)
— 4 co(¢ + x1) COS(¢ + x2) (41)

Upon using the integrals
21
[ 40 cos+ ) cosp + o) =7 cost —7a)  (42)
0

[ do coso + xycode + ) = 1L+ 20800 - k] (43
0

and
r do sing 1 1+8
/(1 Frcodd) B <1 ﬁ) (44)
0
[ dosing 1] B 1 _[(1+p
/(1 ﬂ200§9)2_E[l—ﬂﬁﬁln(l—ﬂ)} (49)
0

with the latter two deduced from (14), (15) by replaciigy /2, we obtain
/ dQ Proboc [A(B) + B(B) cog(x1 — x2)] (46)

where

A(/i)=[4(2_’32)_(1_ﬂ2)2]|n(1+ﬂ>—:—;+%2 (47)

ap 1-8
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Q-p3, (148
B(ﬁ):—(l—ﬁz)[l—l— 55 |n<1_ﬂ>} (48)

and for the normalization factor we have upon summing over the setin (17),
[42- %) —2(1- p%7] <1+ﬁ) 2
N(B) = In —8+4
®) 5 - p

= 2[2A(B) + B(B)] (49)
Accordingly, for the joint conditional probabilities, we have

A(B) + B(B) coS(x1 — x2)
2[2A(8) + B(B)]

given that the two photons have emerged (back-to-back) alorzgdkes.
For the measurement of only one of the polarizations, (50) leads to
A(B) + B(B) 1

Pﬁ(Xl, -)= m = E = Pﬂ(—, x2) (51)

for all 0 < B < 1, and the latter are, respectivalydependendf x1, x2.
Again we have the important statistical property

Ps(x1, x2) # Ps(x1, -)Ps(= x2) (52)

in general. It is interesting to note that an equality in (52) holds in the extreme
relativistic casgs — 1, where each side is equal to 1/4.

Only in the limiting casegd — 0, the joint probability in (50) for this process
coincides with that in (22) for the first process.

As in (33), we define

Ss = Ps(x1, x2) — Pe(xa, x2) + Ps(x1: x2)
+Ps(x1, x2) — Ps(x1, —) — Ps(= x2) (53)

for four anglesya, x2, x1, x5, and LHV theory gives (Clauser and Horne, 1974;
Clauser and Shimoney, 1978)

Ps(x1, x2) = (50)

~1<$ <0 (54)

For 8 — 1, an equality holds in (52)% — —1/2, and this process, to be
useful for testing the violation of (54), should not be conducted at very high speeds.
Forx, =0°, xo =67, x; = 139, x5, = 23, we haveS; = 0.120, 0184, 0201,

0.207 for 8 = 0.2, 0.1, 0.05, 001, respectively, violating (54) from above. For
x1=0° xo =23, x; =45, x; =67, we haveS§ = —1.12, -1.184,—-1.201,
—1.207 forg = 0.2, 0.1, 0.05, 0.01, respectively, violating (54) from below. For
B larger than 0.2 but close to i already turns out to be too close to the critical
interval given in (54) to be relevant experimentally.



1764 Yongram and Manoukian

3. CONCLUSION

We have derived explicit closed expressions for joint probability distributions
of photon polarizations correlations and for single photon polarization measure-
ment ofyy in e" e~ annihilation, in flight, in two processes, in QED. The mere
fact that this quantum dynamical and ever reliable theory predicts a clear violation
of the Bell-like inequality (34)/(35) for both process and for several speeds, which
are nevertheless high enough, makes it interesting to carry out these experiments
for the annihilation of free ee™ in flight. Perhaps, such experiments may be easier
to carry out than those involved with positronium decay (Fagbal, 1974; Kaday
et al, 1975) and we hope that this work will be of interest to both theoreticians
and experimentalists alike.
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